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The order of a graph of maximum degree d and diameter 2 cannot
exceed d2 + 1, the Moore bound for diameter two. A combination
of known results guarantees the existence of regular graphs of
degree d, diameter 2, and order at least d2 − 2d1.525 for all
suﬃciently large d, asymptotically approaching the Moore bound.
The corresponding graphs, however, tend to have a fairly small or
trivial automorphism group and the nature of their construction
does not appear to allow for modiﬁcations that would result in a
higher level of symmetry. The best currently available construction
of vertex-transitive graphs of diameter 2 and preassigned degree
gives order 89 (d+ 12 )2 for all degrees of the form d = (3q−1)/2 for
prime powers q ≡ 1 mod 4.
In this note we show that for an inﬁnite set of degrees d there exist
Cayley, and hence vertex-transitive, graphs of degree d, diameter 2,
and order d2 − O (d3/2).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The degree-diameter problem is to determine the largest order n(d,k) of a graph of maximum
degree d 2 and diameter k. Despite more than ﬁve decades of research the problem remains largely
open [10], and relatively little is known even for the smallest non-trivial diameter k = 2. The Moore
bound [10] tells us that n(d,2) d2 + 1 with equality if and only if d = 2, 3, 7, and perhaps also 57,
see [6]. The graphs corresponding to the ﬁrst three degrees, the 5-cycle, the Petersen graph, and the
Hoffman–Singleton graph, are all vertex-transitive and the 5-cycle is even a Cayley graph. In contrast,
it is known that any hypothetical graph of degree 57, diameter 2, and order 572 +1 = 3250 cannot be
vertex-transitive [2, Theorem 3.13]; in fact, its automorphism group would have to be fairly small [8].
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regards lower bounds, it is known [1,4,5] that n(d,2)  d2 − d + 1 if d − 1 is an odd prime power
and n(d,2)  d2 − d + 2 if d − 1 is a power of 2. The graphs establishing these bounds could well
be called Brown’s graphs after their discoverer [1]. With the help of a deep result on the distribution
of primes, Brown’s graphs can be modiﬁed to show [13] that n(d,2) d2 − 2d1.525 for all suﬃciently
large d. This gives an alternative proof to the known fact [3] that limd→∞ n(d,2)/d2 = 1, which can
be interpreted as approaching the Moore bound for diameter two asymptotically.
While the graphs of degree 2, 3, and 7 meeting the Moore bound for diameter two are vertex-
transitive, the graphs giving the bound n(d,2) d2 − 2d1.525 appear to be far from vertex-transitive.
This is deﬁnitely the case with all the graphs of Brown, which are not even regular. Moreover, tech-
niques of their modiﬁcations [13,3] appear to be incompatible with controlling automorphisms and
yield graphs that are very far from vertex-transitive. This motivates the question of whether the Moore
bound for diameter two can be approached, at least for an inﬁnite set of degrees, by vertex-transitive,
or even Cayley graphs. This question is important also from the computational point of view since
computer generation of large graphs of given degree and diameter is, from the practical point of view,
almost exclusively limited to searching over Cayley graphs when the degree or diameter are beyond
values manageable by other methods; see [7] and the on-line tables [14].
In this note we show that this is indeed the case by proving that there is a constant c such that for
an inﬁnite set of degrees d there exist Cayley graphs of degree d, diameter 2, and order larger than
d2 − cd3/2. This is a signiﬁcant improvement over the order of the largest currently known vertex-
transitive graphs of diameter 2 and given degree, the McKay–Miller–Širánˇ graphs [9,11], which exist
for degrees of the form d = (3q − 1)/2 for all prime powers q ≡ 1 mod 4 and are of order 89 (d + 12 )2;
in [9] it was also shown that all these graphs are non-Cayley. For completeness we mention that the
largest Cayley graphs of given degree d and diameter 2 known prior to the submission of this note
[12,13] were of order approximately 0.5d2 − 1.39d1.525.
2. The result
We recall that given a group G and a subset S of G closed under taking inverse elements and not
containing the identity of the group, the Cayley graph Cay(G, S) has vertex set G and for every g ∈ G
and s ∈ S there is an edge joining the vertices g and gs. Since S is inverse closed, this deﬁnition
does not depend on the order of the vertices g and gs and so our Cayley graphs are undirected. It
is easy to see that the diameter of the Cayley graph Cay(G, S) is 2 if and only if every element of
G is a product of at most two elements of S . On a different note, Cayley graphs are automatically
vertex-transitive and the converse is well known to be false in general.
Let D be the set of all positive integers d of the form d = 22m+δ + (2+ δ)2m+1 − 6, where m is any
positive integer and δ ∈ {0,1}. The ﬁrst twelve members of D are 6, 14, 26, 50, 90, 170, 314, 602,
1146, 2234, 4346, and 8570.
We are now ready to state and prove our result.




Proof. For any integer m  1 and δ ∈ {0,1} let F be the ﬁnite ﬁeld of order 22m+δ and let F+ and
F ∗ denote the additive and the multiplicative group of F . Consider the one-dimensional aﬃne group
G over F in the representation G = F+  F ∗ with multiplication given by (a,b)(c,d) = (a + bc,bd)
for any a, c ∈ F+ and b,d ∈ F ∗ . Note that the order of G is 22m+δ(22m+δ − 1). We will construct an
inverse-closed generating set for G of size d = 22m+δ + (2 + δ)2m+1 − 6 and prove that the resulting
Cayley graph has diameter 2.
The group F+ is isomorphic to the direct product of 2m + δ copies of Z2. Elements of F+ can
therefore be represented by polynomials a0 + a1ζ + · · · + a2m−1+δζ 2m−1+δ of degree at most (2m −
1+ δ) over Z2. Let A1 and A2 be the sets of all such non-zero polynomials for which ai = 0 for all i
such that 0 i m−1 and m i  2m−1+δ, respectively. Deﬁne A = {(a,1) ∈ G; a ∈ A1 ∪ A2}; note
that |A| = (2m+δ − 1) + (2m − 1) = (2 + δ)2m − 2. It is clear from this deﬁnition that every element
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of A.
The group F ∗ is isomorphic to the cyclic group Zn of order n = 22m+δ − 1 by an isomorphism
ξ i 
→ i for 0  i  22m+δ − 2, where ξ is a primitive element of F . We will assume that the non-
zero elements of Zn are ±1,±2, . . . ,±(22m−1+δ − 1). Let B1 = {±i; 1  i  2m−1+δ − 1} and B2 =
{±(2m+δ − 1)i; 1  i  2m−1} be subsets of Zn . Then, every non-zero element of Zn is a sum of
at most two elements from B1 ∪ B2. Indeed let b be a non-zero element of Zn; we may without
loss of generality assume that 1  b  22m−1+δ − 1. Let  be the integer uniquely determined by
b ≡  mod (2m+δ − 1) and 1 − 2m−1+δ    2m−1+δ − 1. Observe that  ∈ B1 unless it is equal to
zero. We then have b = k(2m+δ − 1)+  for some k. From the earlier inequalities b 22m−1+δ − 1 and
− 2m−1+δ − 1 we obtain
k
(
2m+δ − 1)= b −  22m−1+δ − 1+ 2m−1+δ − 1 = (2m+δ − 1)(2m−1 + 1)− δ2m−1 − 1
which implies that k 2m−1. This shows that (2m+δ −1)k ∈ B2 and hence b is indeed a sum of at most
two elements from B1 ∪ B2, as claimed. Let now B be the subset of G deﬁned by B = {(0, ξ j); j ∈
B1 ∪ B2}; it is easy to see that |B| = (2 + δ)2m − 2 = |A|. It follows that every element of G of the
form (0, z) where z ∈ F ∗ and z = 1 is a product of at most two elements from B .
Let C = {(x, x2); x ∈ F , x = 0} be yet another subset of G; note that |C | = 22m+δ − 1. Since the
inverse in the group G of any element of C has the form (x, x2)−1 = (y, y2) where y = −x−1 = −1/x,
the set C is inverse-closed. Finally, let S = A ∪ B ∪ C . Since both A and B are also inverse-closed, S is
a subset of G closed under taking inverse elements. The Cayley graph Γ = Cay(G, S) is therefore well
deﬁned. Our next aim is to show that Γ has diameter 2. This is equivalent to checking that every
non-identity element of G is a product of at most two elements from the set S .
We have seen earlier that every non-identity element of G of the form (z,1) or (0, z) is a product
of at most two elements from A ∪ B . Let now (r, s) ∈ G be any element such that r = 0 and s = 1.
We will show that there exist non-zero elements x, y ∈ F such that (r, s) = (x, x2)(y, y2). Indeed,
evaluating the product in G the equation becomes (r, s) = (x + x2 y, x2 y2). Since F has characteristic
2 and hence F ∗ has odd order, there exists a unique t ∈ F ∗ , t = 1, such that s = t2, and from t2 =
s = x2 y2 we have xy = t = 1. Now r = x + x2 y = x(1 + xy) = x(1 + t) and as t = 1 we can evaluate
x = r(1+ t)−1 and hence also y = tx−1 = t(1+ t)r−1. It follows that (r, s) is a product of two elements
from C and the Cayley graph Γ has diameter two, as claimed.
It remains to estimate the order of the resulting graph in terms of its degree. The only non-
empty intersection between the sets C , B , and A is C ∩ A = {(1,1)}, and so |S| = |C | + |B| + |A| − 1 =
22m+δ +2(2+ δ)2m −6. The Cayley graph Γ thus has degree d = 22m+δ +2(2+ δ)2m −6 and order o =
22m+δ(22m+δ −1). To compare the two quantities, let u = 2m . In terms of u we have o = 2δu2(2δu2−1)
and d = 2δu2 + (4 + 2δ)u − 6. Isolating u from the last equation gives 2δu =√2δ(d + 6) + (2+ δ)2 −
(2+ δ), which by routine calculations yields the estimate 2δu2(2δu2 − 1) > d2 − 22−δ(2+ δ)d√2δd for
all d 6 and hence for all d ∈ D . It follows that for every d ∈ D we have the estimates o > d2 − 8d3/2
if δ = 0, and o > d2 − 6√2d3/2 if δ = 1. This completes the proof. 
3. Remarks
Results similar to Theorem 1 can be proved for much wider sets than D . Indeed, let c be a positive
constant and let d be any element in D . Let us extend the set A from the proof of Theorem 1 by
j additional involutions of the form (z,1) ∈ G for some j such that 1  j  c√d, forming thus a
set A′ ⊃ A. Letting B and C remain unchanged, consider the Cayley graph Γ ′ = Cay(G, S ′) where
S ′ = C ∪ B ∪ A′ . In the notation of the proof, the graph Γ ′ has the same order o as Γ but its degree
is d′ = d + j  d + c√d. We then have d2 − 6√2d√d > d′2 − c′d′√d′ for some constant c′ . The proof
of Theorem 1 now implies the following extension.
Corollary 1. For any positive constant c there is a positive constant c′ with the property that for every d ∈ D
and every d′ such that d d′  d + c√d there exists a Cayley graph of degree d′ , diameter 2, and order larger
than d′2 − c′d′√d′ . 
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2 available prior to submission of this note were the McKay–Miller–Širánˇ graphs [9] of degree d and
order 89 (d+ 12 )2, which exist for degrees of the form d = (3q−1)/2 for any prime power q ≡ 1 mod 4;
the fact that all these graphs are non-Cayley was also proved in [9]. The Cayley, and hence vertex-
transitive, graphs of Theorem 1 and Corollary 1 are, up to a ﬁnite number of exceptions, larger than
the McKay–Miller–Širánˇ graphs since, ignoring the dashes, d2 − cd√d > 89 (d + 12 )2 for all suﬃciently
large d.
For a more detailed comparison of the two types of graphs, note ﬁrst that the degree of the
McKay–Miller–Širánˇ graphs is always odd while all the degrees in our set D are even. By Theorem 1
there exists a Cayley graph of diameter 2, degree 213 + 3 · 27 − 6 = 8570 ∈ D , and order o = 213(213 −
1) = 67100672. The smallest prime power q ≡ 1 mod 4 such that (3q − 1)/2 > 8570 is q = 5717,
giving the degree d = (3q−1)/2 = 8575. Corollary 1 tells us that there is a Cayley graph of diameter 2,
degree d = 8575, and the same order o = 67100672. The corresponding McKay–Miller–Širánˇ graph
of identical degree d = 8575 has order 89 (d + 12 )2 = 65368178, which is smaller than o. It can be
checked that such a comparison goes in the opposite direction for the ﬁrst eleven smaller members
in the set D . Therefore, the Cayley graphs of Corollary 1 are larger than the corresponding McKay–
Miller–Širánˇ graphs for all degrees d > 8570 satisfying the restrictions of Corollary 1 and being of the
form (3q − 1)/2 for some prime power q ≡ 1 mod 4.
As an interesting aside, Theorem 1 gives Cayley graphs of degree d and diameter 2 of order more
than 99 per cent of the Moore bound d2 + 1 for all degrees d ∈ D such that d  1052666 = 220 +
212 − 6.
To conclude with, let us remark that it would be possible to obtain a smaller constant c in the
estimate d2 − cd3/2 of Theorem 1 if one could replace A and B by smaller generating sets. We note
that determining the smallest size of a generating set in a Cayley graph of diameter 2 for an Abelian
group of a given order remains an open problem.
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